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Abstract 
 We studied the topography of a granular bed after dragging intruders, such as vertical 
posts, through an initially leveled surface using a stereographic camera. We studied the 
parameters R, the intruder radius, and Z, the immersion depth, in relation to surface 
displacements for slow moving intruders which were much larger than the particle size. The 
inclination angles of surfaces exceeded θ = 35° in the trough behind the post, and were 
significantly greater than the angle of repose θ ≅ 24° of free standing piles. The mounds and 
their profiles were roughly geometrically similar, and increased in size with intruder radius R 
and immersion depth Z. The ratio of the mound volumes to immersed intruder volumes exhibited 
a roughly linear increase with the ratio Z/R. 
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Executive Summary 
A technique was developed to create 3D models of granular surfaces (a bed of 5mm glass 
beads) perturbed by the motion of an intruder. A stereographic camera generated a collection of 
roughly 100,000 points. These points were divided into 2,500 bins, each of which was averaged 
to create a surface. Ten such surfaces were then averaged together to produce a smoother 
topography whose angles of inclination were found for each bin. These angles were compared 
with the angle of repose of free standing granular piles. 12 averaged surfaces were analyzed to 
find relations between the intruder dimensions and I) the displaced volume of beads, and II) the 
cross sectional profiles in both the horizontal and vertical planes. 
We observed that mounds and their profiles were roughly geometrically similar, and 
increased in size with intruder radius R, and immersion depth Z. The ratio of the mound volumes 
relative to the immersed intruder volumes exhibited an approximately linear dependence on the 
ratio Z/R. 
In the steady state, the mound grew and eroded at the same rates as the intruder moved 
through the granular bed. We observed erosion on the mound’s surface where the angles of 
inclination were approximately θ ≅ 24°, which is the angle of repose for spherical particles. The 
displaced volume behind the intruder, referred to as a trough, exhibited areas of backfill where 
beads flowed around the intruder into the trough. When the beads and intruder were stationary, 
these regions exhibited large inclination angles that exceeded θ = 35°. These exceeded the angle 
of repose, and were found to be near the intruder only, suggesting that the intruder served as a 
support structure for the neighboring particles.  
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1.Introduction 
 
 Fluids are well studied and their flow can be described mathematically by the Navier-
Stokes equations, which are applied to find solutions to real world problems. In contrast, there 
are no comparable equations that describe the behaviors of granular media. The study of granular 
media is thus warranted in the hopes of finding equations that serve an analogous purpose to the 
Navier-Stokes equations.  In particular, we measured surface topography of a bed of 5mm glass 
beads perturbed by intruders to better understand the interplay between bulk and surface flow. 
 By volume, granular media is the second most commonly manipulated type of matter, 
with fluids being the first. Sand, gravel, metal ores, concrete mix, snow, seeds, rice, and wheat 
are just some everyday examples of the most commonly manipulated ones. Results from granular 
media studies may have direct applications in agricultural and industrial processes like mixing, 
plowing, planting seeds, and traction. Better understanding of the surface flows around farming 
rakes (where rake teeth are intruders) used for seeding, for example, could determine the 
optimum seed placement within those flows to provide the most successful seeding and increase 
the productivity of crops. Knowledge about the structures that form around intruders in granular 
media could also provide insights into improving traction for sand tires. The textures of the tire 
serve as intruders in the sand, and maximizing the stability of the sand beneath the tires provides 
better traction. 
 This study focuses on the surface topography of a leveled granular bed in which an 
intruder moves. An intruder is an object inserted into the granular media to some immersion 
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depth Z, such as a vertical rod. A stereographic camera was used to take three dimensional 
images of the granular bed’s surfaces. These images are called point clouds, and are a locus of 
over 100,000 points. Averaging and binning were used to generate a smooth surface from point 
clouds, to make the data easier to visualize and analyze.  
 The analysis considered the relationship between the slopes of surfaces and the angle of 
repose (defined in section 2.4 Angle of Repose), the volumes displaced by the intruder, the 
topographic difference between flowing and stationary beads, and the characteristic shape of 
surface profiles. It was expected that no stationary surface slopes would be greater than the angle 
of repose, that the displaced volumes would scale with intruder volumes, and that there would be 
an observable relationship between surface profiles and the dimensional parameters of the 
intruder. 
2.Background 
2.1 Past Granular Media Research 
 Granular media research dates back to the days of Charles Augustine de Coulomb, the 
famous mathematician who contributed greatly to the fields of Physics and Mathematics. He 
studied soil mechanics such as the forces exerted by soil on vertical walls like those of 
foundations.  Today, granular media is still not elegantly described by mathematical relations, as 
bulk fluid flow is with the Navier-Stokes equations (equations credit: Villalon, Rachelle):  
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 Recent work in the field includes that of Ken Kamrin and Georg Koval, who proposed a 
Laplacian term dependent on grain size be added to the existing Bagnold model to enhance its 
ability to predict granular flows. Their model agreed with the velocity independence exhibited by 
slow flowing media and a grain size related divergence from a local rheology. 
 
2.2 3D Imaging Techniques 
Generating a 3D model of a surface can be achieved by physically probing a surface, by 
using sound waves, or by using electromagnetic radiation such as radio waves or light. Light is 
particularly useful in our application because topographies can be measured without touching the 
surface, with relatively high accuracies. Two major categories of 3D imaging methods using 
light are either based on triangulation or time-of-flight. The former method uses geometry and 
the tracing of light rays to determine depth, much like the human eyes, and the later, “time of 
flight method,” measured depth by timing light as it travels from and returns to the 3D scanner. 
Triangulation based depth perception includes shadow tracking, laser-camera triangulation, and 
image stitching based methods, while time-of-flight methods include laser image detection and 
ranging (LIDAR). 
 Shadow tracking uses a camera to observe shadows cast by a straight edge. The boundary 
between a dark region and light region can be recognized and processed, using the curvature of a 
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straight object’s shadow to determine the surface topography. Displacements in the initially 
straight shadow line are interpreted as height displacements, and a collection of points gathered 
from the observations of these shadow lines can be converted to a 3D surface. A project entitled 
“3D Photography on your desk,” by Jean-Yves Bouguet and Pietro Perona in the Department of 
Electrical Engineering at the California Institute of Technology utilized this shadow method. 
Image stitching uses multiple camera angles to perceive depth, in the same way that 
human eyes do. It can use one camera that takes sequential images from many angles, or 
stereographic photography to assign depth to common points seen in more than one image 
simultaneously. There are many levels of accuracy and accessibility to software that does such 
modeling, from free software and apps to professional grade software. One such scanning utility 
is 123D Catch, a free application created by Autodesk Inc., which allows users to create models 
with a mobile device, edit them and the points the software uses to link multiple camera 
angles/images, allowing increased accuracy by enabling users to directly control the modeling 
process. However, photography based 3D scanning methods often have trouble scanning uniform 
surfaces because there are not distinguishable landmark points to help stitch the images together. 
Laser-camera triangulation scanning techniques include both point and line triangulation. 
Either a laser line or point is projected onto a surface as the camera observes. Point triangulation 
looks at just one pinpoint of light at a time, finding the distance from that point to the camera, 
and rasters that point across the surface being imaged, while line triangulation scans a full line 
across the surface. Disruptions in the continuity of that laser line are caused by height 
displacements in the surface, and  by observing the magnitude of the displacements in the line, 
data about height can then be collected and transformed into a 3D model. Point and line 
triangulation methods are utilized in both laboratory and industrial applications. Sensors can 
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have accuracies of less than 0.1% of the measurement range (Murakami, F. 1996), depending on 
the scattering properties of the surface being measured.  
2.2.1 Stereo Imaging 
Stereo imaging is a method whereby z values can be acquired for x,y data points. Light 
rays are traced from a single point being imaged to form sides of a triangle. The light rays go 
between two points of known separation in a scanning apparatus. The separation of those two 
points (which, for example, could be two cameras) becomes base of a triangle, the distance from 
the apparatus can be solved for through trigonometry, after gathering other key information, like 
the angles of the light rays traced, or the relative positions of the point in images captured from 
different camera angles. 
 
Figure 1: Stereo imaging triangulation used in this experiment. 
The mathematics of triangulation can vary in form, but the following is a straightforward 
example using the variables from Figure 1. 
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We observe three relations: 
     (    )           (1) 
                        (2) 
   ( )      .     (3) 
Substituting equation (3) into equation (2), we see that 
         ( ) ,         (4) 
which we can combine with equation (1) to find that 
     (    )(     ( ) )     (5) 
 (     ( )    (    ))     (    )     (6) 
  
   (    ) 
     ( )    (    )
  .           (7) 
The Bumblebee2 camera, by Point Grey Research, is a stereo vision camera system that 
utilizes this triangulation method. By recognizing feature points (through image processing) that 
exist in both the left and right images (a stereo camera consists of a left camera and a right 
camera) and measuring the difference in point location (with respect to the edges of the image) 
between the left and right image, the viewing angles of each camera can be determined. With 
those viewing angles and the known separation between the left and right camera within the 
Bumblebee2, the distance of the feature point from the camera can be calculated, as shown in the 
above equations. 
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2.3 Surface Modeling 
 
In order to create 3D computer models of surfaces, a 3D scan is analyzed through one of 
many methods. The 3D scan generates a point cloud that represents the scanned surface, and that 
point cloud is converted through software into a quantified 3D surface. One method of 
converting point clouds to surfaces uses the Delaunay Triangulation algorithm, which draws 
triangles between points, then eliminates unnecessary triangles, and continue to draw new ones, 
until the surface is represented satisfactorily by a collection of small triangles. The three corners 
of each triangle are used to define a plane tangent to the surface at that triangle. 
2.4 Angle of Repose 
 The angle of repose describes the maximum slope of a granular pile formed by pouring 
particles from a point source. It is the angle between said pile surface and the horizontal. The 
angle of repose for dry spherical particles of any diameter, including the glass beads used in this 
experiment, is approximately θ ≅ 24°, regardless of material (Nowak, Sarah; June 2004).  
 
Figure 2: Illustrated definition of the angle of repose (photo credit: tulane.edu) 
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3.Methodology 
 
3.1 Experimental Apparatus 
 The experimental setup consisted of a bed of granular media, an intruder, a stereo camera, 
and a collection of lighting fixtures. The granular bed was able to be translated in two 
dimensions, the x and y directions, and the intruder was fixed to a translating axis in the z 
direction, allowing three dimensional movement of the intruder through the bed of granular 
media. The stereo camera observed the intruder from above, and at a slight angle, to allow an 
unobstructed view of at least one half of the intruder. The lighting fixtures included sets of 
florescent lights on the ceiling, two one meter tall adjustable lamps, small flashlights and a 
typical desk lamp. Some combination of these lights was used to provide optimal illumination of 
the bed of granular media for the stereo camera. Figure 3 shows the arrangement of the 
experimental apparatus. 
 
Figure 3: The experimental apparatus. 
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 The bed of granular media was an aluminum box70 x70 x 8cm deep set up on two 
motorized translational axes, and filled with 5mm diameter glass beads. Each of the x, y, and z 
translational axes in the setup was equipped with a digital read out system. Through these, 
MATLAB, and a set of National Instruments controllers attached to the x, y, z motors, the 
intruder could be moved through space in and above the bed of granular media, while measuring 
the position of each axis to 0.005mm of accuracy. 
 The stereo camera was a product by Point Grey Research called the Bumblebee2. It 
consisted of two component cameras fixed in an aluminum case, and it was both powered and 
controlled through an IEEE 1394 “fire wire” port. Point Grey Research provided softwares and 
applications for the camera, including an application programing interface (API) such that 
custom applications could more easily be built for the camera.  
 The example application “TriclopsDemo” by Point Grey Research generated and saved 
the point cloud images needed. It applied two image filters to the left and the right images from 
the stereo camera, then used a matching algorithm to identify common points in each image. For 
each point common to both images, the software took the difference between the distances (in 
pixels) of the common point from the left edges of the respective images. This was called the 
“disparity,” and was used to triangulate the distance of the point from the camera. The two image 
filters were i) a rectification filter, which adjusted for aberrations in the image due to the camera 
lenses, and ii) an edge detection filter, which increased the visibility of distinguishing features of 
the images to help find more common points. 
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Figure 4: The filters applied by the TriclopsDemo application. 
 The lighting fixtures were flexible in their positioning, which enabled careful adjustment 
of the illumination. The best point clouds were generated when the surface was evenly lit, which 
was easily accomplished for flat surfaces by placing light sources far away from the bed, 
however when the surface was not flat, many shadows were cast on the surface from the 
disturbances, causing issues with the camera’s ability to measure the depth of points in that area. 
To provide uniform bed illumination, the lights were covered by paper diffusers, the windows 
were darkened and room lights that cast shadows were turned off. Figure 5 displays a view 
normal to the yz plane with and without (by careful elimination of the shadow with a flashlight) 
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a shadow across a flat granular surface. 
 
Figure 5: Views in the yz plane (side view) of a surface with (left) and without (right) a shadow present. 
 Additionally care had to be taken not to over-illuminate the granular bed. After much 
practice, an intuition was developed as to how much light was appropriate from what angles to 
cause the optically challenging glass beads to be imaged well by the camera. Still, there were 
some image imperfections, such as patchiness, noise, and consistency, which are detailed in 
section 3.2 Validation of Apparatus. Despite those imperfections, the point clouds were adequate 
for resolving the surface. 
3.2 Validation of Apparatus 
 The stereo camera takes images, and processes them in real time to match the left and 
right images together and determine depth. Many parameters in the image processing (which 
finds landmark points common to both images) can be adjusted through the TriclopsDemo 
application to improve image quality. Experiments were conducted which tested the quality of 
the 3D image generated by the camera with respect to variations in lighting and the exposure 
parameter (see Appendix 1 for experiment reports). It was found that there is such a thing as both 
too dimly lit and too brightly lit surface, and that exposure does not relate linearly to image 
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quality; that is to say that as exposure increases, there are two regions in which image quality is 
good (one preferable to the other) separated by one region which has poor image quality. These 
exposure results were found under florescent lighting, and so bizarre exposure behaviors may be 
an artifact of the rapid flickering (which is too fast for human perception) of the florescent lights. 
Adjusting the exposure by hand, rather than letting it be done automatically was time consuming, 
and did not produce consistent results, and so experiments were run with the automatically set 
exposure. See Appendix I, section 7.2 for the detailed experimental procedure for this validation 
test. 
 The precision of the height measurements was determined through experimentation as 
well. Initially, there was trouble reading the height of the surface. The granular beads were 
difficult to determine a height of a “surface” from, because the surface of the beads had a texture 
with height differences of more than 5mm (the diameter of a bead). Section 3.4 Surface 
Generation and Averaging details the averaging process used to deal with that surface texture, 
however the stereo camera’s measurements of rulers had uncertainties on the order of 1mm, 
which agreed with the accuracy reported by Point Grey Research. See Appendix I section 7.3 for 
the detailed experimental procedure for this validation test. 
 The quality of a stereo image generated by the Bumblebee2 is evaluated in terms of three 
parameters: patchiness, noise, and consistency. Patchiness measures the fraction of the surface 
that is not imaged. Noise is incorrect data caused by reflections, uneven lighting, and edge of 
screen affects. Noise is often outside of the imaged area of interest, and can be cropped out of the 
3D image. Images with noise only outside the area of interest can be cropped to be completely 
noise free. Consistency is how much the image shifts, with regard to how much and what area is 
resolved, over a series of repeated sequential images. Patchiness and noise can vary from image 
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to image, and this variation determines the level of consistency. While noise can be cropped out 
of individual images, patchiness and consistency can be eliminated through averaging of several 
images of the same surface. It is important to note, that cropping and averaging were used in this 
project to eliminate these three issues for the experiments done (they are discussed in the section 
3.4 Surface Generation and Averaging).  
3.3 Experiment Procedure 
 The stereo camera, which was fixed 0.5 meters above the granular media bed and the 
intruder, was looking down at the bed at a slight angle. The intruder was in the bottom 1/3 of the 
images produced by the camera, which allowed the clear view of the area around at least half of 
the intruder, as seen in Figure 4 in section 3.4 Experimental Apparatus.  
 The intruder’s motion created a mound in front and left behind a trough. At any given 
time, the stereo camera was able to view either the complete mound or a sufficient area of the 
trough (which could be as long as the bed in total), but not both because the intruder itself 
obstructed part of the image, as seen in Figure 6. 
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Figure 6: The stereo camera could see only one side of the intruder without obstruction by the intruder itself. 
Because of this, separate experiments were conducted in the same way with only the direction of 
intruder movement reversed to gather information on both the mound and the trough. 
 Intruders of one, two, and three inch diameters were each submersed to one, three, five, 
and seven cm depths in the granular media, and dragged through a straight path approximately 
28cm long. That 28 cm path was broken into steps, after each of which a point cloud was 
generated by the stereo camera. The 1cm stepping motion and point cloud harvesting procedure 
was run by hand through a computer work station that controlled the camera through the Point 
21 
Grey Research application TriclopsDemo and controlled the movement of the granular bed 
apparatus through custom MATLAB functions. Each point cloud collected was briefly inspected 
within TriclopsDemo for errors, and through that monitoring of the point clouds lighting could 
be adjusted throughout the experiment to ensure the best quality point clouds. The point clouds 
were named with a serial-number-like code that indicated the experiment number, type of bed 
motion (inserting into bed, moving in positive or negative y directions), and the step number 
within the experiment. Additional point clouds collected while the table was in motion taking the 
step were saved with a suffix m on the file name. All the file names were stored in an excel sheet 
along with the x,y,z position of the intruder in the granular media table, the date, radius of the 
intruder, and any notes on the experiment.  
 Data was collected for both mounds and troughs (by reversing the direction of the δy = 
1cm incrimination of the table), however more data was taken when viewing mounds. Point 
cloud images were collected of mounds forming for intruders of diameters 1, 2, and 3 inches, 
each at immersion depths of 1, 3, 5, and 7 centimeters. Point clouds were collected of troughs for 
the 2 inch intruder at depths of 3 and 5 centimeters. Additional data for both the mound and the 
trough was taken for the 1 inch intruder at 2.5 centimeters, and for the 3 inch intruder at depths 
of 2 and 3 centimeters. Data for point clouds images were taken of the moving bed between steps 
(saved with the m suffix) for the 3in diameter intruder at 5, 3, and 1cm immersion depths, the 2in 
diameter intruder at 7 and 1cm immersion depths, and the 1in diameter intruder at 7, 5, 3, and 
1cm immersion depths. 
3.4 Surface Generation and Averaging 
Some processing of the point clouds was necessary. There were four issues to address: i) 
the face of the camera and the granular bed were not parallel, ii) the point cloud had more points 
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than necessary, iii) slopes of the surface needed to be found, and iv) the surface generated by a 
single point cloud was patchy and textured. 
Because the stereo camera was suspended above the bed at an angle, the depth images it 
perceived were misaligned with the coordinate axes of the camera. Based on calibration images 
of a flat surface taken in each experiment, a rotation matrix was developed such that all point 
clouds could be multiplied by that matrix, putting them into the same coordinates as the stereo 
camera. 
The number of points in a point cloud was reduced through averaging in bins. The point 
cloud was divided into a 50 by 50 grid of bins in the xy plane, and the points that fell in each of 
the bins were averaged together Additional information, like the  number of points in each bin 
was stored as well. The average of  each bin was then used to create a new point cloud with 
50*50=2,500 points. In comparison, the original point clouds had on the order of 100,000 points. 
A MATLAB program called BinXYZonXY.m was used for this binning; it was created by 
Professor Stephan Koehler and is available on the MATLAB file exchange at 
http://www.mathworks.com/matlabcentral/fileexchange. 
After binning was used to reduce the number of points to 2500, a surface was created in 
MATLAB based on those points, and the normal to each binned area was found through program 
called create_surfaces, also written by Professor Stephan Koehler. It is provided in Appendix III 
section 9.1 MATLAB Code. What the program does is to systematically take four mutually 
adjacent points from the grid, average their z heights and add a temporary point with that height 
z in the middle of the xy square created by the four points. A vector is then drawn to each of the 
four binned points from the temporary point, and the four triangles formed are used to define 
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planes, and the normal to those planes are found. Those four normal vectors are averaged 
together to get a normal vector that is used as the normal vector for the surface segment between 
the four binned points.  
 
Figure 7: Four points and a temporary point (a, b, c) shown in relation to the vectors v1, v2, v3, and v4 used to 
find the normal vector assigned to the four points. 
 The normal vector vn for the four points is found by normalizing then averaging the four 
vectors va, vb, vc, and vd. 
24 
   
 
 
(
  
|  |
 
  
|  |
 
  
|  |
 
  
|  |
)        (8) 
 With point clouds rotated, binned, and normal vectors to the accompanying surface found, 
the surfaces still had the issue that the original point cloud was too noisy. A side view of a flat 
surface can be seen in the right half of Figure 5 in section 3.1 Experimental Apparatus, where the 
width of the surface varies more than the diameter of a 5mm bead. Figure 8 shows an illustrated 
diagram of how light rays interact with what is considered a flat surface of beads.  
 
Figure 8: The textures and lensing effects inherit in the level surface of glass beads caused varied height 
measurements. 
The resulting depths measured by the stereo camera could have been taken from any number of 
points on the surface of each individual bead, and in addition, the glass beads had unique optical 
and lensing properties that further varied the surface readings of the camera. Due to these lensing 
effects, there is a discrepancy between the physical source of the light rays and the extrapolated 
source seen by the stereo camera. Figure 8 indicates the source by a star and a square, 
respectively. In order to eliminate error due to these issues, many similar point clouds were 
averaged together. Figure 9 shows a flat surface that was moved in δy = 1cm steps for y = 10cm, 
with a point cloud generated at each step, with those point clouds then averaged together. The 
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surface topography remained the same – a leveled and flat surface of granular media - but the 
textures of the media were different for each point cloud, as were the lensing effects. The result 
of averaging these point clouds was to cancel out the texture and lensing variations, generating a 
much smoother surface with surface variations reduced from 5mm to 2mm. What can be seen is 
a rough periodicity in the y direction as an artifact of averaging surfaces that were shifted in just 
the y direction. 
 
Figure 9: A single point cloud (left) with patches and textured surface, and an average of 10 surfaces, each 
incremented by δy = 1cm (right). 
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4. Results and Discussion 
4.1 Anatomy of the Perturbed Bed’s Surface 
 When discussing this experiment, it is important to remember that the point clouds 
discussed in all but section 4.2 Moving Images were taken when the beads and intruder were 
stationary after a δy = 1cm step. The displaced topographies were divided into sections, mainly 
the mound and the trough. A part of the trough is the area of backfill, and on the surface of the 
mound there are areas of erosion, as indicated in Figure 10. 
 
Figure 10: Identification of surface perturbations areas using very fine beads 
4.1.1 Mound Formation 
4.1.1.1 Area of Upwelling 
 The area of upwelling is formed in front of the intruder when it pushes beads up from 
below the level surface. Surface slopes of this area are equal to or less than θ  = 24° from the 
horizontal, as indicated by the surface color seen in Figure 11. These slopes agree with the angle 
of repose θ ≅ 24°, suggesting that the inter-granular supporting forces of the mound are 
comparable to that of a poured granular pile (which determines the angle of repose). 
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Figure 11: Surface of a granular mound showing angles with color; the z axis is expanded by a factor of 5. 
4.1.1.2 Areas of Erosion 
 The areas of erosion exist on the sides of the mound and the front face, where beads flow 
as the intruder moves through the granular bed. Beads flow because they are pushed out of the 
mound through an upwelling of beads caused by the intruder’s motion. Most of them are 
observed to start eroding from near the top of the mound. This erosion of beads down the front 
agrees with the observed angles of θ ≅ 24° or less, as erosion of beads from the top of a pile is 
the same condition under which the angle of repose θ ≅ 24° is measured. 
4.1.2 Trough Analysis 
 The trough is the area that forms behind the intruder. The area near the post is the area of 
backfill, where flow around the moving intruder and into the trough occurs. 
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4.1.2.1 Areas of Backfill 
 As seen in Figure 12, the stationary surfaces of the backfill areas have greater angles of 
inclination than the angle of repose θ ≅ 24° of a poured granular pile, with angles θ > 35°. 
 
Figure 12: Surface of a trough behind the intruder with the z axis expanded by a factor of five, and the 
steepness of slope is indicated by color. On the right is a stone arch. 
As distance away from the intruder along the trough increases, it is seen that the angles of 
inclination decrease to θ ≅ 24° at most. This suggests that the backfill area is supported by the 
intruder itself. It may be supported by arching structures, similar to stone arches like the one seen 
in Figure 12. 
4.2 Moving Images 
 Point clouds were collected, for some experiments, of both the stationary bed after an 
incrimination δy = 1cm and of the moving bed during the δy = 1cm step. Data taken while the 
intruder and beads were moving was used to generate a surface in the same way the typical data 
of stationary beads was. The surfaces generated of the moving topography contained surface 
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flow of beads, which was observed by the human eye as beads rolling down the side of the 
mound. The difference between average stationary and moving surfaces showed flow as a z 
height difference, where the magnitude of the difference corresponded to the flux of beads (due 
to the averaging done to create the surface). As the flowing beads increased in speed and 
decreased in surface density the height difference and flux decreased.
 
Figure 13: A static surface (left), the difference between a moving surface and a static one (center), and series 
of yz cross-sections at the shown x values that profile the surface (right). 
 What was observed, as seen in Figure 13, is that the difference near the intruder is small, 
it reaches a maximum where the flow exists only in the moving image, then becomes negative 
where the static image is taller because the flowing beads have collected at the base of the 
mound. The peak of difference occurs along a crescent ridge, as shown by Figure 13 b and c, 
which correspond to areas of maximum erosion. 
4.3 Mound Scalability 
 The size of the mound was different for each immersion depth Z and intruder radius R, 
scaling with both R and Z. The yz profile taken in the center of the mound details the front slopes 
and is seen in Figure 14 for the 12 topographies imaged. The profiles are geometrically similar, 
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roughly converging to the same curve when scaled based on intruder dimension (also seen in 
Figure 14). These show that the height and extent of the mound scale with √  . 
 
Figure 14: Profiles in the yz plane of the mound at its y direction midpoint (left) and the convergence the 
scaled profiles (right). 
4.3.1 Variation of Mound with Intruder Depth 
 The surfaces generated from averaging ten static images of the steady state mounds are 
shown in the three figures below, each figure corresponding to a different intruder radius R. Each 
figure has four immersion depths, reading left to right and top to bottom as Z = 1cm , 3cm, 5cm, 
and 7cm. It can be seen that as the intruder is immersed more, the mound height becomes taller, 
yet the mound anatomy (upwelling and areas of erosion) is consistent.  
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Figure 15: Four immersion depths (1cm, 3cm, 5cm, and 6cm), for the 1 inch intruder diameter with the z axis 
scaled by 5 times. 
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Figure 16: Four immersion depths (1cm, 3cm, 5cm, 7cm), for a 2 inch diameter intruder with the z axis scaled 
by 5 times. 
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Figure 17: Four immersion depths (1cm, 3cm, 5cm, and 7cm), for a 3 inch intruder with the z axis scaled by 5 
times. 
Another perspective on the growth of the mound as immersion depth increases is seen in Figure 
18, where different color dots are used as indicators for different immersion depths. Each plot is 
a different intruder radius, and the front of the mounds (lower y values) retain their curvature, but 
increase in radius as the immersion depth increases. 
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Figure 18: Cross sections of mounds in the xy planes, at half the maximum z height of the mound. 
4.4 Mound Volumes 
 The mound was quantitatively defined in three ways relative to the intruder: Vfront is the 
surface displacement from the front of the intruder to the edge of the image in the direction of 
movement, Vmiddle is the same, but starts in the middle of the intruder, and Vrear starts at the back 
of the intruder (relative to the direction of intruder movement). Each volume V was plotted 
against the intruder immersion depth Z for three radii R. That data was fit to an equation in the 
form 
     
       
 ,            (9) 
where    and    are dimensionless constants found for each volume V vs. immersion depth Z 
plot. The equations are listed with each plot in Figure 19. 
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Figure 19: Mound volume V as a function of Z for three different intruder radii R, and for three different 
definitions of V. 
 The trends of the plots are that increasing immersion depth Z increases volume V for all 
three volume definitions, as does increasing intruder radius R; that is to say that as intruder 
volume increases, so does mound volume. To further understand the relation between mound 
volume and intruder volume, we take the ratio of the two 
 
      
, and graph it against the 
dimensionless ratio 
 
 
, as seen in Figure 20, and find that the dependence is roughly linear.  
 
Figure 20: Volume of the intruder, approximating the intruder as a cylinder with height Z. 
  In Figure 20 the intruder volume Vintr. is calculated by estimating the immersed portion of 
the intruder to be cylindrical with a height equal to the immersion depth. This is not completely 
accurate, as the immersed portion depends on the topography of the displaced media around it, 
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however it is a reasonable estimate. We see that the volumes Vfront, Vmiddle, and Vrear are 
significantly greater than the intruder volume, save for the smallest immersions. 
4.5 Profile Tails 
 H.J. Herrmann studied the profile of a free standing granular pile as it transitions to the 
surrounding flat surface (Herrmann H.J, Alonso J.J.; 1996). Equation (6) of that paper is the 
solution to a differential equation that predicts the shape of a granular pile’s boundary with the 
surrounding flat surface. The upwelled mounds are not formed in the same way as these granular 
piles, but the areas of erosion simulate the pouring of particles down the side of the pile, and so 
the center profiles taken in the yz plane were compared to that of equation (6), predicted in 
Herrmann’s paper in terms of the coefficient α from that paper, and the particle diameter d. This 
preliminary comparison, can be seen in Figure 21. 
 
Figure 21: The dimensionless tail decay distance (left) and the collapsed profiles (right). 
5.Conclusion 
5.1 Summary 
 Generally we observed flows on surfaces whose angle of inclination exceeded the angle 
of repose θ ≅ 24°. Surprisingly, however, in the backfill regions we observed no  flow, though 
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the inclination angles exceeded θ = 35°, which could be due to the intruder providing structural 
support through arch-like support structures.  
 The mounds upwelled by the intruder’s motion were greater than the intruder’s volume 
and increased according to      
       
 . The mounds maintained similar xy plane cross 
sections, and were roughly geometrically similar.  
 The surface imaging and averaging technique provided an informative study of the 
difference in stationary vs. flowing mound formation, through the difference between static and 
moving surfaces. It enabled the determination of different cross sectional profiles, which gave 
insight into the evolution of mounds as their volumes became larger. The difference between 
moving and static point cloud images showed a ridge of maximum erosion, which overlaps with 
the regions of maximum particle flux that is generated by upwelling. 
5.2 Suggestions for Future Studies 
 Choosing a type of granular media without lensing effects (like the glass beads have), 
such as non-transparent plastic beads, could improve the fidelity of stereo images, and reduce the 
uncertainty of the imaged surface’s location. If the mechanical properties of smooth glass beads 
were desirable for future tests, a better understanding of the lensing effects could help eliminate 
this uncertainty. 
 In the future, trough volume displaced vs. intruder volume could be studied as a 
continuation of the volumes studies done here. Also, a more accurate means of calculating 
intruder volume could be developed, so that it doesn’t have to be approximated as a flat topped 
cylinder.  
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 The effect of intruder shape on volumes might also be studied. Variations from vertical 
rods to rectangular or triangular ones may generate different mound shapes. Mathematical 
models of these various mounds and intruders may have similarities that hint at a universal 
equation for all granular media. 
 Modeling both the mound and trough simultaneously could provide a more insightful 
experiment. This could be done, for example, by adding more stereo cameras, or by minimizing 
the intruder profile that protrudes above the granular surface. Custom shaped intruders with tops 
that blend smoothly with the granular surface wouldn’t block the stereo camera’s view of the 
area behind the intruder. 
 The addition of other measurement techniques to the current apparatus would also be an 
informative future study. Particle imaging velocimetry (PIV), for example, allows the study of 
surface flows. If this imaging system was incorporated into the experimental apparatus, it would 
enable the simultaneous study of topography and particle surface flows. 
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7.Appendix I  
7.1 Lighting Experiment Report 
March 19 2013 
 The face of the camera was approximately parallel to the face of the tray. The beads in 
the tray were 5mm glass and they were 3.5 pm .25 cm deep with approximate uniformity of 
depth, but within the pm .25 cm error. The bed was smoothed by hand to achieve its surface 
dimensions.  
 The windows were covered and the lighting was varied between just the room lights, just 
one spot light, just two spot lights, the room lights and one spot light, and the room lights and 
two spot lights. They were labeled Trials One, Two, Three, Four, and Five respectively.   
3D point clouds saved while viewing edge, right, 512x384 settings. All parameters that were 
changed were documented (additional unchanged may have been too) 
The Stereo Parameters for each of the trials is as follows: 
Trial One: Stereo Mask - 23; Max Disparity - 240; Min Disparity - 0; Edge - yes; Edge Mask - 
11;Rectification Quality - standard; Surface Diff. - 2.04; Surface Size - 200; Texture Validation - 
0.15; Uniqueness Threshold - ; Point Size - 200%;  
NOTES: 
 The camera can image the outer border of a white, matte textured phone case, but only 
introduces an indistinguishable combination of blank screen and fluctuating heights when 
viewing a stack of gloss black Lego pieces (this makes sense - white scatters light, black absorbs 
it). When the additional spot lights were used, the center of intensity was not shown directly onto 
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the bed (it created too much light for the camera, and caused the area of the most intense light to 
become black/not imaged), rather the center of the first light was shown below the bottom left 
corner of the bed, and the second light (when applicable) was shown above the top right corner 
of the bed. 
Conclusions: 
 There is certainly a key amount of light that maximizes the visibility of the beads, which 
is bright enough for the camera to see well (provide adequate light to the CCD), yet not so bright 
as to blind the camera (over-expose pixels on the CCD). The best approximation of that light 
level is Trial Four, with the room lights and one spot light. 
 
7.2 Exposure Test Report 
March 19 2013 
 With just the room lights on (windows closed, no spot lights, no projector), the tray of 
beads was imaged, while the exposer was varied, and the qualitative results were observed.  
 The exposure "Auto" box was un-checked, which allowed the adjustment of the exposure 
slider. The Values of the exposure were reported in units of EV, and the 3d Image was observed 
with the following settings: 
3d point clouds saved while viewing edge, right, 512x384 settings. All parameters that were 
changed were documented (additional unchanged may have been too) 
The Stereo Parameters for each of the trials is as follows: 
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Trial One: Stereo Mask - 23; Max Disparity - 240; Min Disparity - 0; Edge - yes; Edge Mask - 
11;Rectification Quality - standard; Surface Diff. - 2.04; 
Surface Size - 200; Texture Validation - 0.15; Uniqueness Threshold - ; Point Size - 200%;  
Results: 
 Negative values for the slider expanded the surface area that could be viewed in the 3D 
window, but increased the static noise-like and randomization of the model to the point where 
Exposure values of -4 and above became especially wild and values lower than -6.58 showed 
little surface area at all. 
 Values between 0 and 1.24 increased in edge clarity as the exposure increased, however 
the percentage of surface modeled in the 3D window remained about the same - approximately 
85 to 90 percent with boundary fluctuations of the holes in the model as the model was generated 
in real time. 
 Values between 1.24 and 1.96 saw a decrease and then an increase in 3d model clarity 
and quality as the exposure was varied between those values, with a minimum clarity at 1.60, 
and the greatest model clarity between 1.96 and 2.00 EV. At 1.60 there were serious holes, 
which moved around the model, and 60 to 80 percent of the surface was modeled, but at 1.96 the 
holes were much fewer, and > 90% of the surface was modeled, and the holes that did exist did 
not move around or fluctuate much. 
Conclusion: 
Exposure drastically affects the results of the 3D modeling, with a preferred exposure at room 
lighting to be 1.96 to 2.00 EV 
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7.3 Precision of Bumbleebee2 depth measurements 
March 22 2013 
Motivation: 
 Experiments to determine units and assign an uncertainty to topographic height 
measurements made at approximately 40cm from the camera were a necessary part to using the 
3D images. 
Procedure: 
 A clear plastic drinking cup that was 8cm tall (measured with a ruler, pm .10cm) was 
placed in the bed upside down, with a monolayer of beads on the upward-facing cup bottom. It 
was place both on top of the surface of beads, and submersed in the beads, such that the height 
from the top of the cup to the flat surface of beads in the bed was less than 8 cm, rather it was 
measured to be 4.5cm pm .25cm. These were cases one and two respectively. 
 For each case, the cup was removed from the bed, then placed into/onto the bed, and its 
height was measured. This was done 6 times for each case, such that the error in the height of the 
cup could be calculated based on repeatability uncertainty. For each of those times, a 3D image 
was taken and saved as a .pts file (then shortly after discarded), which was opened in Matlab to 
measure the height displacement of the beads on the up-facing bottom of the cup. These Matlab 
measurement for height should have been 5mm (the diameter of the beads on the cup) greater 
than those measured with a ruler by hand. 
 3D point clouds saved while viewing edge, right, 512x384 settings. All parameters that 
were changed were documented (additional unchanged may have been too). 
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The Stereo Parameters for each of the trials is as follows: 
Trial One: Stereo Mask - 23; Max Disparity - 240; Min Disparity - 0; Edge - yes; Edge Mask - 
11;Rectification Quality - standard; Surface Diff. - 2.01; 
Surface Size - 200; Texture Validation - 0.15; Uniqueness Threshold - ; Point Size - 200%;  
The lighting was with room lights and one spot light pointed below the bottom left corner of the 
camera's field of view. Exposure was set to 1.50 EV 
Results 
 
Figure 22: Measured accuracy of Bumblebee2 stereo camera. 
Discussion: 
 It may be that the 3D model generated represents a surface, not at the top of the 
monolayer of beads, but rather somewhere in the middle of the layer. The Bumblebee2 may be 
sensitive enough at such close distances as to pick up the texture of the surface, and have an 
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accuracy less than 5mm, in which case the method of measuring in Matlab is not accurate 
enough to facilitate correct measure of the cup height.  
 To remedy this, the difference between flat surfaces, rather than beads, might be 
measured, however that may not accurately represent the accuracy when dealing with granular 
media. Alternatively, measuring heights in Matlab may be done differently. The .pts file may be 
represented as a surface rather than a series of points, where the height of the surface 
corresponds to a different color. 
8.Appendix II 
8.1 Initial Apparatus  
 When setting up apparatus for the experiment, the Bumblebee2 camera was not the first 
option tried. Instead, a lower cost solution was to construct a combination of software and 
hardware to build a 3D scanner. The intent was to use a computer application built in an open 
source API called Processing to run software for a 1.3 megapixel web camera and laser-based 
pico-projector (pocket sized, battery operated projector made by Microvision Inc.), which would 
serve as the two points in a triangulation apparatus. Light rays would be traced from the laser 
projector at a known angle, and the camera would perceive the point at which the light ray 
intersected the surface being imaged, from which calculations could be done to complete the 
triangulation necessary to determine distance from the apparatus. The illuminated point would be 
scanned across the surface being imaged, such that each point scanned to on the surface would 
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be mapped to the point cloud. Figure 23 shows the intended setup of the equipment. 
 
Figure 23: The triangulation geometry used. 
 
 There were many issues to overcome when building the 3D scanning software. The 
triangulation theory was not an issue, nor the triangulation mathematics. The issues arose when 
implementing the theory to practice, such as dealing with image buffering and out of sync refresh 
rates between the camera and the projector. As issues arose and were solved, it was realized that 
it would simply take too long to finish building the 3D scanner from scratch, and so a stereo 
camera was purchased to allow more time for experimentation.  
9. Appendix III 
9.1 MATLAB Code 
9.1.1 create_surfaces.m by Stephan Koehler 
function create_surfaces 
%constructing surface from point cloud files, .pts 
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%requires compile_xls.m for extracted info from Data positions*.xls 
%(95 format) 
%% 
d = dir( 'Data positions*.mat' ); 
[~,i] = sort( [d.datenum] ); 
load( d(i(end)).name ); 
%% 
ind_first = find([true; strcmp( motion(2:end), 'immerse' ) & ~strcmp( 
motion(1:end-1), 'immerse' ) ] | [strcmp(motion(1:end-1), 
'recede')&strcmp(motion(2:end), 'advance'); false])'; 
% ind_first = find([~strcmp( motion(2:end), motion(1:end-1) ) & strcmp( 
motion(1:end-1), 'immerse' ); strcmp( motion(end), 'immerse' )] )'; 
% ind_last = find([strcmp( motion(2:end), 'immerse' ) & ~strcmp( 
motion(1:end-1), 'immerse' ); ~strcmp( motion(end), 'immerse' )] )' 
ind_last = find([~strcmp( motion(2:end), motion(1:end-1) ) & ~strcmp( 
motion(1:end-1), 'immerse' ); ~strcmp( motion(end), 'immerse' )] )'; 
for i=11:min( [numel( ind_last ), numel( ind_first )] ) 
    if i==170 
        do_it( FileName(ind_last(i)), FileName( ind_last(i)+[-8:0] ) ); 
        do_it( FileName(ind_last(i)), strcat( FileName( ind_last(i)+[-8:0] ), 
'm' ) ); 
    else 
        do_it( FileName(ind_first(i)), strcat( FileName( ind_last(i)+[-8:0] 
), 'm' ) ); 
        do_it( FileName(ind_first(i)), FileName( ind_last(i)+[-8:0] ) ); 
    end    
end 
 
function do_it( file0, files ) 
%% 
pth = '../DATA'; 
tmp = textread( sprintf( '%s%s%s.pts', pth, filesep, file0{1} ) ); 
tmp = tmp(:, 1:3); 
%% rotating the front portion of the surface into the plane 
rot = @(phi, theta) [1 0 0 ; 0 cos(theta), -sin(theta); 0 sin(theta) 
cos(theta)] * [cos(phi), 0, -sin(phi); 0 1 0; sin(phi), 0, cos(phi)]; 
clf; 
 
good = tmp(:,2) < (max(tmp(:,2))-min(tmp(:,2)))*.3 + min(tmp(:,2)) & tmp(:,2) 
> (max(tmp(:,2))-min(tmp(:,2)))*.1 + min(tmp(:,2)); 
plot3( tmp(good,1), tmp(good,2), tmp(good,3), '.' ); 
 
xlabel( 'x' ); 
[phi_theta, err] = fminsearch( @(phi_theta) std( (tmp(good,[1:3])* rot( 
phi_theta(1), phi_theta(2) ))*[0;0;1] ), [0, 0.3] ); 
tmp = tmp*rot( phi_theta(1), phi_theta(2)); 
plot3( tmp(good,1), tmp(good,2), tmp(good,3), '.' ); 
z_level = mean( tmp( good, 3 ) ); 
% zlim( [.5 .52] ) 
%% 
val = []; 
for i=1:numel(files); 
    name = sprintf( '%s%s%s.pts', pth, filesep, files{i} ); 
    if exist( name, 'file' ) 
        tmp = textread( sprintf( '%s%s%s.pts', pth, filesep, files{i} ) ); 
        val = [val; tmp(:,[1:3])*rot( phi_theta(1), phi_theta(2))]; 
    end 
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end 
%% 
if isempty( val ) 
    return; 
end 
val(:,3) = val(:,3) - z_level; 
grid_points = 60; 
[x_bin_edges, y_bin_edges] = deal( linspace( min(val(:,1)), max(val(:,1)), 
grid_points+1 ), linspace( min(val(:,2)), max(val(:,2)), grid_points+1 ) ); 
[average, stdev, centers, population, out_of_range] = binXYZonXY( 
x_bin_edges, y_bin_edges, val(:,1), val(:,2), val(:,3), 0, 0 );  
 
%% 
%filter out bad nodes based upon population and std of z for each bin 
bad =  population < 10 | stdev > max([.002, 3*std(stdev(~isnan(stdev)))]); 
a = mean( average(~isnan(average)&~bad) ); 
b = 3*std( average(~isnan(average)&~bad) ); 
bad = bad | abs( average - a ) > b;  
average_ = average./~bad; 
stdev_ = stdev./~bad; 
% surf( centers.x, centers.y, stdev_ ); 
% axis tight%% 
%creating a mesh from the pairs of nodes 
grid.x = ( centers.x(1:end-1, 1:end-1) + centers.x(2:end, 2:end) )/2; 
grid.y = ( centers.y(1:end-1, 1:end-1) + centers.y(2:end, 2:end) )/2; 
grid.z = ( average_(1:end-1, 1:end-1) + average_(2:end, 2:end) )/2; 
%determining the surface normal from the pairs of nodes 
get_angle = @(vect) atan2( vect(3,:), hypot( vect(1,:), vect(2,:) ) ); 
leg1 = [reshape( centers.x(1:end-1, 1:end-1) - grid.x, [], 1), reshape( 
centers.y(1:end-1, 1:end-1) - grid.y, [], 1), reshape( average_(1:end-1, 
1:end-1) - grid.z, [], 1)]; 
leg2 = [reshape( centers.x(2:end, 1:end-1) - grid.x, [], 1), reshape( 
centers.y(2:end, 1:end-1) - grid.y, [], 1), reshape( average_(2:end, 1:end-1) 
- grid.z, [], 1)]; 
leg3 = [reshape( centers.x(1:end-1, 2:end) - grid.x, [], 1), reshape( 
centers.y(1:end-1, 2:end) - grid.y, [], 1), reshape( average_(1:end-1, 2:end) 
- grid.z, [], 1)]; 
leg4 = [reshape( centers.x(2:end, 2:end) - grid.x, [], 1), reshape( 
centers.y(2:end, 2:end) - grid.y, [], 1), reshape( average_(2:end, 2:end) - 
grid.z, [], 1)]; 
grid.theta = pi/2-mean( abs( [get_angle( cross( leg1', leg2' ) ); get_angle( 
cross( leg2', leg4' ) ); get_angle( cross( leg4', leg3' ) ); get_angle( 
cross( leg3', leg1' ) )] ) ); 
grid.theta = reshape( grid.theta, size( grid.x ) ); 
bad = reshape( abs(leg1(:,3))>.005 | abs(leg2(:,3))>.005 | 
abs(leg3(:,3))>.005 | abs(leg4(:,3))>.005, size( grid.theta) ); 
grid.z(bad) = nan; 
grid.theta(bad) = nan; 
[zs, i] = sort( grid.z(:) ); 
% plot( diff(zs), '.' ) 
j = find(diff(zs) > .0005 )+1; 
for k=1:numel(j) 
    if j(k) > numel(zs)/2 
        grid.z(i(j(k):end))= nan; 
        grid.theta(i(j(k):end))= nan; 
    elseif j(k) < numel(zs)/2 
        grid.z(i(1:j(k)))= nan; 
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        grid.theta(i(1:j(k)))= nan; 
    end         
end 
 
tmp = zeros( size(grid.z)*3 ); 
tmp(size(grid.z,1)+[1:size(grid.z, 1)], size(grid.z,2)+[1:size(grid.z, 2)] ) 
= grid.z-mean(grid.z(~isnan(grid.z))); 
overlap = nan( 1, size( tmp, 2) ); 
%finding the centerline from symmtery 
for i = round( size(grid.z,1)*1.25+[1:size(grid.z,1)/2] ); 
    conv = tmp(i-[1:size(grid.z,1)/2],:).*tmp(i+[1:size(grid.z,1)/2],:); 
    overlap(i) = mean(conv(~isnan(conv)) ); 
end 
middle.ind = find( overlap(1:end-2) < overlap(2:end-1) & overlap(2:end-1) > 
overlap(3:end) ) + 1;% - size( grid.z, 2 ); 
[~,i] = max( overlap(middle.ind) ); 
middle.ind = middle.ind(i) - size( grid.z, 2); 
middle.m = grid.x(middle.ind, 1); 
front.ind = find( isnan(grid.z(middle.ind,: ) ), 1, 'first' ); 
if ~isempty( front.ind ) 
front.m = grid.y(1, front.ind); 
else 
    front.m = 0; 
end 
%% 
clf; 
plt = surf(  100*(grid.x - middle.m), 100*(grid.y-front.m), 100*grid.z, 
180/pi*grid.theta ); 
set( gca, 'dataaspectratio', [1 1 .2], 'clim', [0 40] ) 
axis tight; 
hold on; 
cb = colorbar; 
set( get( cb, 'title' ), 'string', '\theta (deg)' ) 
% plot3( 100*middle.m([1 1]), ylim, [0 0] ); 
set( gca, 'zdir', 'reverse' ); 
view(3); 
title( sprintf( '%s - %s', files{[1 end]} ) ); 
xlabel( '$x$ (cm)', 'interpreter', 'latex' ); 
ylabel( '$y$ (cm)', 'interpreter', 'latex' ); 
zlabel( '$z$ (cm)', 'interpreter', 'latex' ); 
drawnow; 
%% 
save( sprintf( '%s %s.mat', files{[1 end]} ), 'grid', 'phi_theta', 'z_level', 
'middle', 'front' ); 
saveas( gcf, sprintf( '%s %s.fig', files{[1 end]} ) ); 
 
 
 
 
